
1

Lecture 5: Continue_ Maxwell’s equations

ECE 313: Electromagnetic Waves

Lecturer :Dr. Gehan Sami



• The electric flux passing through any 

closed surface is equal to the total charge

enclosed by that surface.

,  𝑄 = 𝑣׬
𝜌𝑣 𝑑𝑣

• Applying divergence theorem:

𝑠ׯ
𝐷𝑠. 𝑑𝑠=׬𝑣

𝛻. 𝐷 𝑑𝑣 𝑣׬=
𝜌𝑣 𝑑𝑣

𝛻. 𝐷=𝜌𝑣

Gauss Law

ර
𝑠

𝐷𝑠 . 𝑑𝑠 = 𝑄



Gauss from integral to diff. form:

𝑠ׯ
𝐷𝑠 . 𝑑𝑠 = [𝐷𝑥 𝑥 + ∆𝑥, 𝑦, 𝑧 ∆𝑦∆z − 𝐷𝑥(𝑥, 𝑦, 𝑧) ∆𝑦∆z] +

[𝐷𝑦 𝑥, 𝑦 + ∆𝑦, 𝑧 ∆𝑥∆z − 𝐷𝑦(𝑥, 𝑦, 𝑧) ∆𝑥∆z] +

[𝐷𝑧 𝑥, 𝑦, 𝑧 + ∆z ∆𝑥∆y − 𝐷𝑧(𝑥, 𝑦, 𝑧) ∆𝑥∆𝑦] = 𝜌𝑣(𝑥,𝑦,𝑧)∆𝑥∆𝑦∆z
Thus

[𝐷𝑥 𝑥+∆𝑥,𝑦,𝑧 −𝐷𝑥(𝑥,𝑦,𝑧)]

∆𝑥
+

[𝐷𝑦 𝑥,𝑦+∆𝑦,𝑧 −𝐷𝑦(𝑥,𝑦,𝑧)]

∆𝑦
+

[𝐷𝑧 𝑥,𝑦,𝑧+∆z −𝐷𝑧(𝑥,𝑦,𝑧)]

∆z =

𝜌𝑣(𝑥,𝑦,𝑧)

𝛻. 𝐷=𝜌𝑣

0
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Case point charge located outside surface as in Fig.: The number of electric field lines entering the 
surface equals the number leaving the surface. Therefore, the net electric flux through a closed 
surface that surrounds no charge is zero. 
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Example

Giving a 60 𝜇C point charge located at the origin , find the total electric flux passing through that portion
of the sphere r=26 cm bounded by   0≤ 𝛳≤ π/2 and 0≤ 𝜑 ≤ π/2
Ans: 60/8=7.5 𝜇C
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Guass’ magnetic law

o The magnetic field lines are closed
o The magnetic field lines have neither source 

(start point) or sink (end point)
o It is not possible to have an isolated magnetic poles 

(or magnetic charges)
o Magnetic field is not a flow source, but a solenoidal

source

 ==
s

dsBB 0.0.

Differential form Integral form
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Maxswell’s equations
Differential form Integral form

𝛻 × ത𝐸 = −
𝜕𝐵

𝜕𝑡
ර

𝑐

ത𝐸. 𝑑𝑙 = −
𝑑

𝑑𝑡
න

𝑠

ത𝐵. 𝑑𝑠 Faraday’s law of induction

𝛻 × ഥ𝐻 = ҧ𝐽 +
𝜕𝐷

𝜕𝑡
ර

𝑐

ഥ𝐻. ഥ𝑑𝑙 = න
𝑠

ҧ𝐽. 𝑑𝑠 +
𝑑

𝑑𝑡
න

𝑠

ഥ𝐷. 𝑑𝑠 Ampere’s law

𝛻. ഥ𝐷 = 𝜌 𝑠ׯ
ഥ𝐷𝑠. 𝑑𝑠=׬𝑣

𝜌𝑣 𝑑𝑣 Gauss flux theorem

𝛻. ത𝐵 = 0 Magnetic flux conservation

Continuity equation
dt

d
J v
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• Conservative field (irrotational): it is the vector field that can be 
expressed as gradient of other scalar. Line integral of conservative 
field is path independent. curl of conservative field=0 (as curl grad=0)

In electrostatic:

• is a conservative field as                          does not depend on path (it depend on 
start and end points of integrals), thus closed contour integral (end point same as 
start point) for conservative field=0.

• is called potential function of 

Conservative and solenoidal vector fields
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• Every solenoidal vector field can be expressed as the curl of some other 
vector field.(The curl of any vector field always results in a solenoidal field) 

• only solenoidal vector    have zero divergence.             Solenoidal field = 
divergenceless.

• the surface integral of any and every solenoidal vector field across a closed 
surface is equal to zero (since divergence theorem                              )

• In points:
1. Every solenoidal field can be expressed as the curl of some other vector field.

2. The curl of any and all vector fields always results in a solenoidal vector field.

3. The surface integral of a solenoidal field across any closed surface is equal to zero.

4. The divergence of every solenoidal vector field is equal to zero.

5. The divergence of a vector field is zero only if it is solenoidal

Conservative and solenoidal vector fields Curl grad=0
Div curl=0
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In electrostatic
Electric field is conservative
Vector field

In time varying
Electric field produced by changing
In magnetic field 
Is solenoid vector field

Example of Conservative and solenoidal vector fields: Electric field in electrostatic and time varying:

If curl of a field is zero it is conservative vector field         If div of a field is zero it is solenoidal vector field  

Types of vector fields



Potential functions ( in time varying fields)

ABB =→= 0.

As B is solenoidal vector, a vector magnetic potential A can be defined from B
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• Non homogeneous wave equation for vector potential A

:

Potential functions ( in time varying fields)
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wave equation, its solution represent waves travelling with velocity= 1
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Lorentz condition for potential



Non homogeneous wave equation for scalar potential V:

Potential functions ( in time varying fields)
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Example

Near field:
Propagation does not appear 
through A and V it appears
In E and H it is along z
E along x
B along y 
E not as same direction of A since it 
depend on both grad V and A
-in far field E will depend on A only)


